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1. ~! J ~~±~ ~!!

t i l l’, i t  j~~~ l i ll ’ ‘ i l L  to i, F r
~ j - x ’ i ’t .  r- i i l’ i l  1(h r 0 1’  Sj i’ t’ ’ lf l i  of’ i t  ‘ i ’ i  - i

un 1 in - - r  i i  I I ’  i’  i 1 Hi q t i t t  t i  i t s  I ch rH r e e L  r I ~, e ci F . r i p  c i  f i r  pr i bi tn

s ci te -s  of pr~ 1 as i n m~~e }J e T I C S .  Fu r I h i s  r r t : i  n , in rn ’ riy us i S  ci rn~- - ’h i r i t r s

at ’  s r i i d s  e n i  l’ i u i I S , W i d - t preT3 d I i S~ has U ‘ a  macic j r  s ci t . , y -  - 1’ a j - j ~v u x i —

met  e p i’t . c i ’ t  a l i e n  methods , -ep -c i al ly wh €.’n the r~~sL in 01’ dil’fr r ’ r l  lal. .

-n t a ir ~s sac  or more small pn i r ; m Ler s  . !Tsua I ty it is r u t  p c c s  I b le to Pl Oy :

ri~ or .u s l y tha t  t h e  approximate solutions are related 1 U - x a ct  soli~t I c  as of L l . ~

‘cc i at i on s  in a prec’isc way.  Nr ’vr rtheless  , co n sj i l e r a l ] c  e o rj fj r l .n c, .  is ~~

plas’ d in th results , par tl y L eecr e they may b .  showi .  t,c U ’ s t i ti s f ’ i .u z’y I i .

sp~ cial cases for which ex ac t  r e su l ts  ar ~- a v a i l a b le .  A s l i g h t l y  I i  f I r -al .

of thought is to replace a 5 :/stem of nonlinear  d i f fer en t i a l  - l e n t  i c - a r  e i t i , -i’ by

‘ if l  approximate linear system of the same order , or by a nonl inear  s y s te m  1’

lever er- -icr . In the former case the l inear iza t ion  method is cl . .er : ut

and 1- ads to a un ique system of equations . In the latter , the situation is

of ten  very confused: the procedure is singular in that it reducer the cr .U ’r  of

the equations and may also lead to some related dile~~nas or questions conc”rn i ’r

the associated boundary and ini t ial  conditions . Moreover , the procedur e is cut .

uni que since it may lead to sets of apparently equally justifiable “ q u e t i o r s

whore characters are quite different. This is particularly true in t t , ~ deriva-

tion of nonlinear differential equations which are employed in the study
— ef h propagation of f a i r ly  long Water waves , as can be seen from ‘c ’eountr of

ti e subj et given icy P ~r in - [1] and by Whitbam [ 2 ] .  In fact , ac cu i ’ .1i n~ L~

Fhitham [2, p. 1463], ‘tThe...dcrivations allow great f le x i b i l i t,  and the

approach naturally allows the various a l t e rna t ives .”

We l ist below from [21 some of the a l te rna t ive  forms of e q u at i o n s  for water

waves moving in the direction of a fixed x - a x i s  for a stream of in i t i al .  - ‘o n s t a n t

depth h. Let the elevation of the strpam t,~- h + ~~ and let u denote t i e ’  horisonta] .

I .
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v - H i t ’ ,’ , where  ci .~~ a r ’  fu n e t  i as ~-f x and H 1 , ’  ~a -  I . “ - 1 r ’ t - F , - r - , i’ ‘t i l l  l i en

[2, pp. ~.- ~~~~~ ) 1 l i e  :‘ y c  H -tn -1 ’ ‘ I I c - r i :

+ [ ‘ : ç h ~~ ~~~~ o
(1)

f U U  H”T~ ~‘ — - ‘ rl 0t. y x 3 ~xxx

- - i~’i t - h . -  p a i r  of ‘qur t i i i :  i i t t r i . c i t  I t i  I . :5s 115 ’s q,  j • e • ,

{c:H = 0

(2)
i i  ~ ~1’1 ~ F- ’F 1 + ~ 0I x x 1 ~ tt

w i, ’ - r~’ s ib s e r i p t : :  ln d i ’t t p a r t i a l  d i f l” ’r ’- nt i at i o n  w i t h  respect to t -r  x ,

= ~ h en d  g is t i -  aes ’ e i i ’r e t i on  du ’.’ to grav i ty .  Both sys t ems of eq uat ion e  ( 1)

- n - I  (2) allow for w ay ’  propagation in eith -r direction along the x-axjs. Fc~r

w ’ ves r r u v in g tH c~ne t .~~~~e p- r i tlv e  x-direct ion only there is the Kort eweg-deVri~-s

ti -r n f i r  r - ’f ” r r ’ - i I  to as the K . d V . )  equation [3] given by

= 0 (3)

* or ti. ’. following equation due to Benjamin et al. [ 1 4 ] :

~~~~~~~~~~~~~~~~~~~~ 
ch~ T~~~~ = 0 ( 14 )

: - m -  u- f the properties of t h ’  d if f e r e n t i a l  equations (~~) t.o (14) should be

r u t ~- i .  It may inim ediately be verified tha t the s.st of - ‘q1~c t ~i L-r i : ;  ( 2 )  and ( 1 4 )

i _~~~~ ~~ - - -~~~, 
: 1 1 -  So~~u 1i u r i s  u-r .I y if ‘T~ ai d u ar ’ l e t  ti t~Ctc ’ t ’ ,; I l 

~~~. AJ~~e , ‘ i H c -~~ F i

• tU ’  Y . i ’ .’ . equation (3) admits a sol i t a ry  wave  in w h H h  Hi ’ velocity i i:.~~ i n i  Lv

is s’. re ~. h ’ n  $ h ’ -  r t  r a m  I her ’ is at  its undisturbed F :  l ~ii t  h , it ‘ic’ s f l i t , edmit

a st ’’nd~, . t i~t” r u l  ~t i u n  with u constant and 1~= 0 at ~i :ui r i i~ y. I h i  :- t ’n ’ r  j~
,

r ’- i r i t . ’d  tu n n a t t c e r  property of ( 3)  which is also n’ i scr ” n l  by ( 2 )  and ( 1 4 ) :  ~i;’~

three sets of equations (2) to ( 14 )  ‘sr” not invariant in form cin , l ’r a . ‘

2.
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r ’ i F ’ u t ’ p t ’r P l  r 1 1 ’ i ’t F~~’ Iy mot j u n  of I - l i e  w h i l e  f i c ij i  . To c ’ - t h i s , :c i jc p osr  tha t

c c c  t a t  - i p . ’ x ’ p c c . F r I i c  F - e d ;, I r e  cc I c L i c  - t e l ‘~ - 1  u ’  I i ,- k 1:; I t c i p i - , ’ - ’ i  on the  wt - I

4 fH i L l  ic c ,  t h i c t  L I t ’ - a- c t i  ci i’ c i t  t i c  i c l e c ’ ’ >: ‘ i ’ ’ ::~~‘iace-d  tn x at t im e  t w i - -re

+ I- — —
x X + k l  , t. t f k  , (k c’ c-n. t - r t j  , (~~

‘rId Li i ’ -  v ’ - L u n L y  ~ is r c p i nc ’- d  by U + k .  ‘J ’li ’ :iI~~li’ t i c ’ -  -p i i  i i t . :‘ r ’i’ ic I x ,t i t

(2) t-c ( - 1 )  er ’s cl i cc c du - d to (5) , the ‘qcia t i  ens fir i ,~ in t . ’r ~~,s ui  .: + 
, t ar  - din ’ —

I- s -nt , from thos e in t- ”rmc of ~~~~ For rx ’mp l .  , equat ion (3) becomes

~~ 
+ c(l  ~ + 

~ 
Ch

2

~ x +x+
x + = 0 . ( 6 )

H is  means that f-he character  of the solutions c-f ( 2 ) ,  (a ,) end ( 1 4 )  ui”. ra si Lee Fly

n i t - r e d  by superposing a constant ri g id body t ,n’r rcS Fr 4 I c  Mi v ’:iocit y on ~h ’: fl uid ,

wh i c h  is contrary to wha t happens if w -  use the l i i i  tb~’~ n - - - l i r n c ’ - n s i c - r c a i  ‘ ‘quc i t i ons

c-f motion for an inviscid fluid . On LU - o th ’- r  h an d , t h e  s€- ~ of ‘- q c i r i t i o n s  ( i )

c r c  cot ~ ub j~~ct. to this drawback , and they do h~ ’.”’ ’i s ’ - t c  a t  ‘ - r dv st r i t e  so lu t ion s .

l .  me s  be argued that  b ecause  of the na t ur e c-I ’ t i c  - ap t - f l u x  Inc t - i on  in ob ta in ing

(2)  to- ( 1 4 )  from the thr ee—dimension al th ’  ury we S F ~~- i i c F  not ‘ xpi: ’ct .  t h e se  e qu tc t iLI . s

to U ’ - invar ian t  under a superposed constant t ranslat ional  veloci ty , but t h i s  then

- - len ies in -doub t which version of any of the ~ et~ (2 )  to ( 1 4 )  r t r e  correct and are

t O  t o  chos en as basic.  Th e’ d i f f i cu l ty  disappears if v- s l inear ize any of tb ’

above sets since the resulting ‘-quations are then invar iant  under a small super-

T po s ’-d ~ C n E t t f l t  t ranslational veloci ty,  as w wo~~ d ex p e c t .

It  m i c ’ht appear from the above diccu~ r ion that the equations (1) any be

p r ’ i f ’ r a b l ’  to any of (2)  to ( 1 4 ) ,  but arguments are put forward in [2 , p. 141,2 ]

tr , s’~~gest that the set (2)  is to be preferred t-s ( 1) .  Although considerable

* use has be’-’ri made of some of the equations ( 1) to ( 1 4 ) ,  it would seem tha t  they

cli rest c -n a r on- w h a t .  shaky p~~ r ical fouridat I en.

-

‘ 

In recent years the derivation of’ nonl inear  equations w h i r l i  are suitabl e



f o r  the pr epn~c-i t ion  ot’ F a i r l y  long W i t  ‘‘5 W r i V ’ :S  I i ’ s- - ‘ - n  a pp r o n r l c i ’n I  from a

‘ - s : p L : t - ;  d if f - rc -r t  point c i f  view , nc rnel.y via 1- 1 , 1. 1 -  c r;-c of’ - H r  c t - i  ( - i

- ‘ s c s i - r a t - ) :au ’ f a c e .  A i i  i’ c r U two—dime nnc ional theory et ’ I i i  i s  k i rid en t c i  I I i i ’  -ci

in [5 ,‘‘ J f or  w ’~ ‘r we vs ’s ‘ -nu~1 coy i ng in t’ ’fre I F r ,  1 c t f l5 y  I aw e  for P a  S S e O l : ’ - 5 ’ / i I Fo r ,

C i  , :i ic ’ - i i t  ‘nt ac e: ’ - 1- un and (when r ’ - q c i r ’ c l c - i ’  r n J ,  in p’ c r c t l l ’ - I  w i t h  w F ’ i t

is H r i -  in t i e  - 1 -v i c -pi n e -r ct of the  t h r ’ s e — ’J i r n e n a i  onia F theory , and is va -l id f i r

v ’ 4 - -r of v a r i ’ cb iu  i n i t ia l  depth . Cuc’h equations are fully nonlinear r i r i d  a e t i e f ;,’

~ i I usual inva r in inc : requirements as do their three-dimensional counterparts .

i i i”  r e su lt in f  f i e l d  ‘-q i t t  u ris - of this  theory c o n t a i n  certain ass i dned f i l l s

‘ nd  in’ s- I  Inc  c . ’ -t ’ fi c i , ’nts which ar e  unspecified , but these are iden t i f ied  by an

appeal to r nc t l i ’-r  easily acces s il l ’-  results which can be deduced from th e  t i r - - ’ - -

* 
-dimensional “cp in t i on i -’ . An a l ternat ive  derivation given in [7] star ts  from the

threc -ni ij aensional r ’r ’ -r~ y equation a r c h , a f te r  employing a single app rox imat i cn

f i r th - velocity f l ’  i d , pr oceed s only with the help of invariance conditions

And’-r superposed r i gid  body motions and leads to the same system of equations

as those in [5, ’ c ] .

fh’: present paper is concerned with some extensions of previous work [5, ]

i.y u iir ’ct ‘ -isp r cc cc ’s h .  First , we briefly construct a restricted theory of

-lirv -’t”d s’irf’n c’:s in which some of the kinematic and kinetic variables are

r s - m r r i e n - -ci ‘i t  t h e  ~)U t S ’ :t .  This restricted theory , which may be regarded :is a

a p ’ - c n n ~i ea se of -a more c ’eni er - l theory of a Cossc ’rcct sur face , is particularly

i ii  ‘p c i  ir c a t , i un  to problems of f lu id  s l i e c ’t n r  and is st i l i .’ ’’d in  the r St

- I ’ Lic e j i a p ’ ’ r f~ r i n c o m p re ss i b le  fi cu d:, in which  th i s  mac ’s de ns i t y  may vary W i  Lb

- i ’ ’p t h .  A nonl i u i -ar  system of ( two—dimens iona l )  d i  f t ’  r ’ntial equations is

cI ’riv€’d for propagation of w’ tc’r waves in a nonhomogeneous stream of variable

in lti-a I depth [ s o  . ( ‘ t s )  , ( 5l~ ) n i i c l  (55 fl and acme x t en a  i t  cf l5  ef earl i or

x l  - r~c [ 1 , p ect  ion ~ ] n a  i a - i r a  i l  is j umps ni re discus:’ ’ (I.

14 .
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‘ . ~~ir’ ,~~~~~~~~’~~~~~L f l 1  . t i - ; c ’ + t r  l e t ed  Tic - uu~j  u t  i : H ~~e U on i .f lurf ’aces.

“h t u e  - 1 . : , ’ s~~, I i :  ¶ 1  i s  : -  i i  i on , c c  l ice  “ , ‘k 4 ’r c c i n i ’ I  i n f o r m a t i o n  f i n -n the

t,} ory of ii ‘c i i ’s r ’’ , f .  ( i i ’  - F i r  - ‘ n i l )  c - c r face  m , nd tF i -fl SiuiWnn ri ze a sp’ -cn ia l  ‘ c r C ’ . ’ of

1- F iC  i) ’ory in  a ss i c n - - i ’  which jr p’ at, ic ulc r l y cuitabie for application Icc- Li: ’

propaga tion of we f - s  waves in a i ou i i:omn ~ r t€ -n :-oc 1s fluid . W- ’ r eca l l  that a ( osmr ’r cn t

:‘ -.~r ’fuc e ~ comprises a m at er i a l  surface (embedded in a Euclidean 3-space) and  a

sing le deformable director attached to every mater ia l  point (or pa r t i cl e)  of C.

L st  the particles of the material  surface of C be identif ied with a system of

corivected coordinates
’t’ 
~~ (c~= l ,2) and let the s’,rface occupied by the material

sur face  of C in the present configuration at time t be referred to by J. I’-t

r and d denote the position vector of a typical point of d and the director at

the same point , respectively, and. also designate the base vectors along the

9~ -curves on ,? by a .  Then , a motion of the Cosserat sur face is defined by

vector-valued functions which assign position r and director d to each particle

of C at each instant of time , i .e.~

r = r ( e~ ,t )  , a = a(e~,t )  , [a 1~~ d] > 0 ( 7)

and the condition (7) 3 ensures that the director d is nowhere tangent to a’~

The base vector s a and their reciprocals a~~, the unit norma l a and the—a —3
components of the metric tensors a

B 
and a~~ at each point of J are defined by

a =~~~~ , a’~
’ .a  =~~~ , a = a •a , a~~~= a ~

’ .a B
-~ — ‘-SB B ~B -

~~~ 
-

~~ 
— ‘--

(8)
I I

a2a
3 

= , a = det a~~ , a~ = [~~~~~a
3

] > 0

~~ tReC eJ ,l that when the particles of a continuum are referred to a convected
coordinate system , the numerical values of the coordinates associated with
each mater ial point remain the same for all t ime .

~The choice of positive sign in (7 )3  is for definiteness. Alternativel y, it
will suffice to asstan e that (~~~~~d1 ~ 0 with the understanding that in any given

P motion the scalar triple product t~~~ ,) is i ’i th er > O or ’<O .

5.
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where is the  hr on ecke r  delta . The vs’lecity ari d the  d ire c tor v i i  ecity v e c t c ) r c

are gi ven by

( 9)

where a superposed dot d, -n: otes d i f f e ren t i a t ion  wi th  respect to t holdi ng e~
fixed . Throughout this paper , we use standard vector and to-os-or notations .

In particular , Greek indices take the values 1,2 and the usual summation con-

v ’n t i on  over a subscript and a superscript is employed.

A general theory of a Cosserat sur face by Green , Naghdi and Wai nwr ight [~~]

is developed within the framework of thermodynamics; the derivation in [8] is

‘cirried out mainly from an appropriate (two-dimensional) energy equation ,

‘ -~~ether with invariance requirements under superposed rigid body motions.

I - r e we adopt the mode of derivation of the basic theory given by Naghdi [ 9 ]

c r  th c- mor e generalized fonn of the theory employed by Green and Naghdi [ 6 ] .

fpe cial cases of the general theory can be obtained by introduction of suitable

constraints , thereby rs’su],ting in constrained theories. Al ternat ively, cor-

r’-sponding special cases can be developed in which the kinematic and the kinetic

variables are suitably restricted a priori and then restricted theories are

constructed by direct approach . Such special cases of the general theory have

b- i n discussed previously by Naghdi [9, Sees. 10 and 15] and by Green and

:u ~~ hdi [10] and t i r e  of particul ar interest in the context of elastic shell

theory. In t h . ’  p resent  paper , however , we construct another type of r :s t ric t~~.

theory which is i articul’riY s - ul t - ’cl for application to problems of flu id  sheet s .

The resu1tin~’ ~~uatic’u :’ “un a l ~~~ l ie  obtained as mu constrained case of those g iven

for directed fluid :ch. ~ ’t ,s in ( i ] ,  but we find it more convenient to restrict the

kinematic and the u’I netlc v-~r ’iali es ‘it  the outset and construct a sor responding

restricted theory frur- ‘in -a ppropriate s i t ,  of conservation laws in int egral form .

We therefore confin e att”ntion here to a theory in which the director d , while

6.

-

~ 

—~~~~~~ — 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~ -~~~ ‘~~~~~~~-,r~~~— -

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,,-z;#,, -- - —— -— -,—



doform ing a long  if - s ‘ ‘ iip t - h  , n lwriyr’  r ’riucin s n m c r c l lel to a Cl  -~ - ‘ F di r’ ’ - ‘ ‘ I .  cc

c -F’ ’ - c i  ft  i’d by a ‘ ‘ u r i c  I t i n t -  i r i i t  v - ,ct or  F .  Thus , u’ ‘ ‘ u  1 ing a I c c ’  ( ‘1 )  , w - a i

d = Ø ( e~ ,t )b  , w = w(e~,t)b , w = . (10)

;et ~ , bounded by a closed curve ~~~~~~ be a par t of d occupied icy an

s-:~t -e r i a1  i’et’ion of the surfn ~co of C in the present configuration at  t ime t ar ~ j

1’:t

v~~~v a  v a  ~ll‘—a ~—

be t’ ‘m it normal to ~P. It is convenient at this point to nh ”fir c ’ -

C u ’  -iitional quantities as follows : The mass density p =  p(~~’i,t )  of the

surface ~ ,S in the present configuration; the contact force N=N(&~,t ; v )  and

the contact director forcet M=M(&~,t ; v), each per unit length of a curve in

the present configuration; the assigned force f=f(e~ ,t) and the assigned

j director force L=L(B ”
~,t), each per unit mass of the surface ‘; the intrinsic

(surface) director force rn per unit area of d; the inertia coefficient k=k(&’)

which is independent of time and is associated with the director velocity ; the

specific internal energy e=e (e”1,t); the heat flux h=h(~
’
~
’,t ;‘~

,) per unit time

• and per unit length of a cur ve 
~P; the specific heat supply r=r(&~

’,t) per unit

time ; and the element of area da, and the line element ds of the surface ~~‘.

Further, in vi~~ of the assumed form (i0)
~ 

for the director , We express  M , m
-
~~~~

rid L in terms of their components along and perpendicular to the unit v, :ctnr

b , i.e.,

tThP terminology of director couple is also used for M depending on t~ i ’ physictd
dimension assumed for the director d. Here we choose d to have the physical
d imension of length so that has the same phy sical dimension as N. Fh -i’
further discussion see (6) .

7.



M = M ( e ”
~, t v)b -f bx F(e ”

~
’,t : ~~) , ~~~~

. b = 0

flu m ( 9 ’
~,t ) b + b x s ( O ’

~
’ , t )  , s .  b = 0 , ( 12)

- = L ( e ’~
’ , t ) b + b x c ( e ’

~, t )  , c - b  0

vh~’ro !1, m and ~ are scalar func t ions  and F~, s , C are victor functions of’ t he i r

-u r c ’um a’ru ts .  Also , it is convenient  to decompose the mi s-s igned f ields f t i n d  L

into two p’tm’ t r ’ , one of which represents the three-dimensional body force  act ing

on the continuum which are assumed to be derivable from a potential function

~~(r ,~~) and the other which represents the effect of applied surface loads on

t h e  major surfaces of the fluid sheet . Thus, we write

(13)

Wi th  the foregoing definit ions of the various field quantities and wi th

refer”nc e to the present configuration , the conservation laws for a restricted

theory of a Cosserat surface (different from that discussed in [9] or [10]) are:

p d a = 0  , (l)4a)
p

p v d ~ = $ Pfda+$ Nds , (lim )
P

b 
~~ 

p k W  d~ = b[$ (PL-m)da+$ M ds J +bx [$ (pc_s)d ~~+$ Sds] , (ll~c)— P p ;~p P

~~~ 
pr x v da = $ p [rxf +dx (b x c) ]da+ $ [rx N+d x (b x f)] ’ls , (i1~~ )

— ‘----. p p

( N . v + r 4 w - h ) ~ls . (li 4 e)
“ P “'‘ p ~~~~ 

—

In the above equations (it~a) is a statement of conservation of mass , (1)-tb ) the

conservation of linear momen tum , (llt c)  that of’ the conservation of the director

momentum , (1144) the conservation of moment of momentum , and (114e) represents

the cons erva tion of energy . It should be noted that the quantities N and L

8. 
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p
‘n- d c -  ~~ ‘c c , 1 u - i c - - i o~is- t c ,  I F i C  i r c o r n e r i t ,  of iai l o t u s  ‘ ‘ j 5 i , t~~i , ‘ , nc i 1 )- i”  ( 5 : a r lt i  i :5

,~ - a l  ~
‘ s-cake r io’  C L I n t  r i m  t O -  t c ,  I l i u ’ ’ r , ’ r ’ ’ ,‘ ‘ t , i m i t  i i i  l b ’  t ’ r ” - s c ’r i t  u ” - m c t , r i c t ’-d

‘n i ~’” c ’ - m i t a b l : c u r m t i t  it y  m i s s  umptions , the ‘nm l’v - force N , the iJ r ’- c lo r

f~ i ’o c ’  V and t h e  heat  f lux h can be ‘ -xp i ’ - s c ’a I  as

aN = N v
-‘ ‘-~ a

M = M ~~ , S = S ~~ , Sa . b = O  , (15)
a — — a — —

h = q av

wi Cr-.’ the fields I~~ ,Sa ,Ma ,q a are functions of B’1,t. The five conservation -

tL - ns  in (lit ) then yield the local equations

pa~ = ~(e~ ) , (i~)

(a
~

1f) a
+
~~~~

= ~~ 
(17)

1 1 1 1

(a 2W) +\~l~~~rna
2
~l~.y1çw , (a~

’Sa) +~~c = a2s , (18)
— ,~~ — —

= (19 )

p r _ q
a - p € + N~

’ .v  -u’mw +M% = 0  , (20)
a — —,a ,~~

where a coruu na denotes partial differentiation with respect to the surface

coordinates 9~ 
and a vertical line stands for covar iant different ia t ion with

r’-s-pe’ct to the metric tensor of the surface ,‘. It should be noted that the

vector fields ~~ and s are work iess and do not contribute to the energy equa-

tion (20). 
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I n ’ L - m p r t - s r i b l e  I n v i s c b l fl

‘~ith Fn Li i ’  5 c ’U~)i’ (‘1 ’ l i e  1 ’ ’ i - t ’ ’ /  01 a ( ‘o~ , ‘ i t -  c ’ i i ’ I ’c u ~~c - , h i ’ - v i e ’ s  l y i n  H

c ’~.) mIS I c t  iv ’  - - i i i ’  L i  l i n e - i i  Oh~ a a ’ -  F t ’ - r a 11  a Id 5 1~~~ I, which mao 1 1  he

“ t i ,  c - I’ the Iii ’ - - — ‘ l i s - r i c ional  i 5 O I ,~~’ - i ’ m r ~a~ i r i v i m i ’ j u f l - i L l .  - ‘ c r  L i i ’ -

r ’ - - s c - r ;t  v - - c  t 1’j , ’t  , - i  a - c o y  we fii ’c I i c c  I -c L i m i t the c:c ’u i j I I , i c m S  i f  i r C i , i r ~I i t ’ ’-s s i  c r  i t ’

l o t I;- - i rm ~’i - ‘ - c m l i  t ion

dt ~~~~~~~~ 
. (21)

‘.- ith  the  h c - ~~ ’ of (9) and (10), the condition (21) can Lu rcjwri;,t ’-r, mis -

~ €~~~n~~ x b .  
~~~a

l
~

W
~~3 

. = 0 (22 )

re  is tb ’-  a l t e r ’r c m c t i n g  t en so r . For an incompressible inviscid fluid at

a r cc ’’ - r ,t  temperatur e, t h e  r e c cp u n r e  funct ions  N a ,m ,Ma are  workit ’ss , 1 .

N a v + m w + M aw = 0 , (23)— — ,a

pruvLle ’] ‘ ,w satisfy t h -  cons t ra in t  condition (22). It can then b~ show n that~

Na = - ~~05a~~ xb , m = - p~~~3 
. b , Ma = 0 , ( 2 14)

~ic ’ - r -  p is an arbitrary scaler fcirio’tion of e~,t .  Morea .er , in a macic r si mil ar

to ‘J et  indicated in t l~ .’ appendix of [I c ] ,  for an inviscid f luid  a t  cons tan t

- :rp ’ ‘i’ ci tur ’  - w ’ - also have

aq = 0  , c = 0  . (25)

t then follows from (20 ) t h a t .

o general , t l u u ’ r u ’  c r ’ - two ‘oi ii t i on c ;  of I uo ’ In jir i-mo m ibility in the t } c -u ry  of
i o co mpr u - s s  i toh ’ ii irer h - I  F’) i hi S i i t ’ ’ - t , c ’ ~‘ iv ’ ’ri in [6] . In our pr esent it -’ve l  u p m i ’u i t
cc Inc ’  d is specil’ i i ’ d by (l0)

~ , 
t ,he c c ’  u - r d  condition is sat I mcfj,’d i d e i c t  I eaily and

¶ ,l ie cerr ’r ’pcru d i  n~i p r i sm ; j r - ( r~ri c i og f’rom l i i . ’  t u r n ’ t ra int  response)  is- mu part of
the response f m e t , .i uris for 1a  and s.

~
‘
The development l eading to (214) is similar to ci more general di scussion in
s-ec t ion  It of [6) .

10.
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r = 0  . (2’ )

I s o , for t li e present rec t,ri d i d  theory tic’’ moment ut ’  ‘s cr uer tum equation (1 ~ )

is- satisfied if

= . (2 7)

The I ‘t~~~t equation is consistent with the restrictions ~~~~~~~~ b = 0 , s -  b -= 0 Civen

in (15) and (12). Fr om (18) and (27), after eliminating s , we obtain the

following equation for

~~~~~~~~~~~~~~~~~~~~~~ ~~~) + vøc = . (28)

I



W at e r  Waves for Nonhomogeneous Stre am of V a ria b le  Depth.

- a mr pcse ViOuS discussion of water  waves in [ 0 ]  w e : ;  c - ’, r i i ’ i n ’ - - j  to - i i ’ - - r i s  1 i ’ , ’ I

flows . i lere we consider two-dimensional flows and at the  sa me tim e ci low our

s-,~ de1 to re f lec t  the ( three_ dim r~nsiona 1) properties of a r u r i luo m ot ~~- o ’ - u u s  incom-

pressible fluid. Let e1,~~ ,e3 
be a set of right-handed c u , r m s - t m i i i t  orthonorunal

har e vectors associated with rectangular Cartesian axes and let the position

, etor r in and the director d in (l0)
~ 

be represented as

r = X e1
+ Y~~~+~~e

3 
, d = ~~~e3 ~~~~~ , (29)

wl,”r(- ~~~~~~~ are functions of 91’ ,$2 , t .  The velocity v and the director velocity

c , oW take the forms

V = ~~~~~ + V
,~2 

+ Xe
3 

w = We
3 (30 )

where

u = x  , v = y  , X = $  , w = Ø  (31)

and we note that the velocity components u,v,X,w may be regarded as functions
1of either e ,ø , t or of x ,y , t . From (30 ) follow the expressi ons

V = + + X~ 3 
W = We

3 
(32)

and

u = u + u u  + v’u , V = v  + u v  ~~vvt x y t x y
( 33)

= X,1~, + u ~~~+ v k .~, W = W~~+ U W + V W

wh ere as in section 1 the subscripts x ,y,t designate partial diffe rentiation

with respect to x ,y,t when u ,v ,X ,w are regarded as functions of x ,y,t. Also ,

by (7), (8) and (29), the base vectors and the unit normal can be expressed

in the forma

12.
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41
- 

~ ~~L ,
— 

~~
‘

2 = -

~~~~~~ ~ 
-i JL , 

~ 
~~~~~~~ ~~~~as -‘~~ OS

-ì a ” - 
~ 

~(x~ y)
- y~~1 ~~ ~—~3

With  th e - i re  of (30) and (3 3 ) ,  t -h ’  I ‘ o c r n i p r ” s c ’ I h i  I it ,y c ’ nd i t  in n  (22) ass’ jn’

~ho simpler form

= 0 ( 3 ~~)

m i nd , with the help of’ (214), (32) and (33),  t }u ’~- ‘ ‘qc i ’ I ions of motion (17) and

(l8)
1
reduce to the forms

~~~ 
e~ 

- ~ (x ,y) 
~— 

~~ ~ ) X

yf. e - p ,
‘

~~~ ~(e ,e ) ~

= 
~~~~~~~ 

‘ (~~3)

= ~~ + ~~~~,y) ~ ,

a(e ,e )

wher e p is ,r iven by

p = p
o~ 

. (ho)

It remains to specify values for the coefficients •y,k, the assigned force f

and the assigned director force ~~
. For this purpose , we are guided by the cor-

responding fluid sheet in the three-dimensional theory in which an incompressible

homogeneous fluid under gravity~ - g e 3 
flow s over a bed specified by the

position vector

tWe use g~ (instead of g) for gravity and r ’serve the symbol g for lat er use
in Eq. (Ii-8).

U



p = xe
1 :~“~~~ + a (x,y)e

3 
(141)

end we spoo l  ~~ the c ; -m r t’ns ’e of t i . - fluid by

p = x~~ + :~‘~~ + B (x ,y, t ) e
3 

.

~o ~~ ) , c~’ is a i-~l V ’ - f l  function of x ,y but ~ in (142 ) depends- on x ,y , t .  At the

surface  (142 ) of L i i ’ -  stream there is a constant pressur e p and a oo n s -t au i t

norma l surface tension T. At the bed the (unknown ) pressure p depends on x ,y

‘ m d  t .  i~hus , the fluid moves with the surface (142) and the normal p r om ’s- mm’ - - p

ct  this sur face  is

p = p 0 -q  , (143)

where

q = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 1 4 ) )
(1 +B +~ )~x y

At the bed (141) the normal velocity of the fluid is zero and the pressur e p~

takes the value

= ~(x,y, t )  , ( 145 )

where p is to be determined.

To proceed further , we introduce a s’- t  of convected coordinates B~ ( i = l ,2 ,3 ) ,

-~~ ~~~~ let the surface 9
3 = 0 coincide with the surface d, and consider the thre e-

dimensional region of space between the surfaces (141 ) and (142 ) occupied by the

fluid . Any point in this three-dimensional region is then specified by

p =  x~~1
+y ~~ + ($+ $3Ø)e

3 
. (~i6)

We also suppose ~~iat the surfaces 93 = w - ~ an d 93 = w + ~~, with  w a constant to

be determined later , are coincident with (1~i) and (1~2), respectively , so that

114.
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4 ~~- ‘ ; ‘(w —
1
’ ,u~ - ~~~— -~- - l ’, m, F ,~~ ’ p .

i c c i-~’ss i - i s - i t  ,v ~ - I ’ d H  l’i ‘~~u t i s  m , , ’ 5 i 5 ~~~- I 1 -  v ’ - “.- wi Ii I- eth co

I,)

_

1 ~~‘~~~~~‘ ,“ - U ~~ ’ ’ d ’ d ’ in t b ’ ’  “ l I i , V O L , J u l  ‘ - h r u ’ — l ; j : , ‘ h - c l r
‘—‘I

t,’ 11 c s  L - - i u ’ u ’ - ’ c c ~~u t ’ at , ’: ’ - . c c c i u ’ - l  i’ - - ‘ i t s ‘ -n - c ’  - - ‘ - 1  “il L - - - - ‘-

u t  W ’ c :1~~~~;, ” u ’ u ’ c - c ’ - . - t i c  L I , .  ‘ ( , d l , , , i i ’ u m ’

~~~~~~~~~~~~~~~ 
~~ _~~~~~;~~~~~~~ _

- ‘ 3’ -

= [ - ( ‘ i ’  ~~~~~~~~ 
- (~ ~~~~~~~~~~

, 
~ ~~~j 

-~~ - - ~~~~
- “

‘ i:  ; - .v make  us -u  of the r ’ - s u u t s  dor iv~ d in [6] in i,r d~~r to i c u i , L ’ c i c m  - c- . m  c i i . ‘,‘ a ] u ’ - s-

-f ‘v, f, £ and t t o  dies - - rn h r  ~. First , in r lath ‘ t i  to Lii ’ t u~~c c oil u L i ,orn c c ’ ‘ ‘ H

~ t he  t ’lei’i , we choose th- - s - A r i ’-a -~’, - 9 = 0  so t ha t t h u  ‘ - i , t u - i ’  Of m o m s  ut  t i i ’-  ( ‘ I s  - -

- ‘ ,l) fl it r- Rj’
~- n ‘me 3- r ‘:ur~si’lscr ’ tion a A’’- , ; 1 s m , - on 1 c u i ;  S o f ’ - ’ ’ -nd ‘i,’-

~~f l - : d m  J - - e t i I ” ,’ this  s ’ir f a ~, with the s-mrL ’ - ’’ - - d in tb ’  U i - - o r ’ ,’ ,’ s I ’ ‘ ‘U ,” : ’ - - t ’ c I , ‘ t i ’  ccc .

,1,~ s 1 - - is us to impose tb condition

2
p ’ (9

~
)
~~

’le
~ 

= 0 (-
~ 
< w < ~~ )

widen determines j~~. Then, recalling the r -:-ulLs i i i  [i , ] ,  w~ h a v e
1

= = ç 1
o g ~de3 , yk = 

2
( e~~,2p - (50)

S ‘-q u i vc  i s -n t

v = ~~~ ~~~~~~
“

~~~~~
— , yk = ~~ ~~~~

~~~~~~~ ,-
~~

‘ ) ~:e . -
~ 

‘

w b -  s- - 
-

-
~

p -~B ‘ 
~‘2 = 

~~~~~~~~ 

(~ )~~i~~ ( c c )

‘ C’: p a r t , h ’u l c ir l y ‘-qw ’t i on s (3 . ’() and (° . i t - ~~ I~ [c ~~

15.



A l so , wi th I - t m  ‘ i s - S  i t ’  (i:~), ( s i )  and (14-’1~~, from F~~s. (~ . i~~) of [ (,~ for I - c ”

s - c ’ s- arcs) t i i ’ ’ c : ’ - sj ~~c , ’-d  t i r ’ ’ i ’ t , cr  ‘ c r c ’ - -  we ‘ e t , ; u i r i

~ i =  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— ~ ( ‘z )
F (q-p + p -

~~ ~~~ ) c ~~] 
“i’ ‘3

H - 
~~e ,~~~ )

-
~~~~ = [ ( q - p ) ( ~~ + w )  ~~ (~~~

t
: u ) ]  ~~~~~~~~~~~~~~~~

~~~~ ,~~ ,m 
( 5 3 )

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~Y

;
~

~ (5 , i3 )

- [(p -q)(~~+ w)~~~-~~(-~ ‘
~~~ ;~~~ 

‘~~~~
‘
~~

— ‘

‘ ;ctcs~ 
j c  - i c hun  of (t i) to (53) into (3J) to ( *) )  rue d tm’ in t he  d i f f - c r ’ s r i tj a l

- qmi at i on s  s-f motion

~~~= -~~~~ ‘f (p -q)~~~~-~~~~

ic4v ~ p
+ (p -q)~~~-~~~

(5 14)
K~ X q - p + p - g K Ø

K
2~~W ~~~~~~~~~~~~~~~~~~~~~~~~~

‘1u r” -ovcr , s ince the bed of tb” stream is stationary, from (14 7 ) and (33 ) 3 1 4  We

~~~~~~~~~~ 
p

= = - 
~

- )~ = x - 
~- )w .

The auoV ° system of (~ UatiOflS is independent u ” the remaining equations (27)

- r d  (28~ which thvc-l ve ~~~~~ The 1’I c ’ idcc  S~~,s ‘‘~r’r c , i t’o ‘pp ~’s-~’-~’ [ ; - t  c -’ con—

s t r c - i T ~t r .u’ - r.c - i c r ’ t , ic - t ’ ’ ‘b i ’ H ’L ’  5: I u ~~ ’ F i  ( I D )  c u r s - i  i ’ s - - i  ‘
~n t .)~~’ )‘I’ u~~’ i t

paper ;and , cince they or” not completely I’ ~ermiried by (27 ) and (28) ,  there is

16.



m u  ccci ’  c ,r’t ’ i t - m ” r i r c ’ccs in  t s ’ , -j r  s- p c -r d t’ l C t c t , Vcfl . k’ do r c ~ t, cc i U-  ‘cons- i — i - f  ‘- q  , , t t ~~i ,o ~’

(27) c m ~I (28) f a r t  bc ’s- I , -  -i ’ ’ .

‘ID, siin ’,c s c m r ’ j cc ’ . ’ t i ’ ’  i ’ ’ - , ’ - , c  m t c ’ c u L ’ b c u i r u ’ ’ d  so f r  , we c - ~ cc - -s -v , l m c u t  the prup’~neLi,on

s i t  ;‘,‘ ‘ -, t  - -I ’ W H y - - S  ~~fl ~i r i o r i t  i~ -S~u ’ f ’  ci-  cj- O5 i f l c c e c r c i ) c r ’ - S s c i l l O ’  in vic c ’i d fluid Is- ~uv - u ’ c l  by

liS: m i s t ’. m of diff- -m’ - ‘~ t ia l~ ‘ u ~ , sc  Lions -  (3 5 ) ,  (5 14) and (55) with the r’o’ f’f’i -e

- ‘3 ‘cs- n i~~’ (52 ) and ~ Ju t - s-min ed from ( 1+9) . ~‘.‘ lc ’  ‘ci the fluid is- ~corc ,n1 ” - r c S - i ,,~ ,S

“:1 U , p cc const ant , it readily fol lows t’rom ~~‘~;) and (52 ) that

w = 0 , K p , K2 = 12 (‘ - ‘5 )

with ‘: 4 550 ’s- ( 56 ) ,  the differential equations ( 35 ) ,  (5 14) c u c m d  (55) b c -r om e I ‘lu-nt ~c ’ ~cl

wi -c - t i hos - derived previously [7] from the three-dimensional theor y of homogeneous

:rscc,rr ’cor~ ss-ib1e inviscid fluids . For unidirect ional  flow a long the x -d i rec t icun ,

the equations reduc e to those obtained in [6] by a direct approach .

The above equations have been derived from the integral balance equations

(li i4a_e). With the help of (214), (25), (26), (30), (51) and (53), these integral

balance laws can be reduced to the forms:

~~~ ~~~K~~~d~~dy = 0 , (57 )

~~~u ~~dy = $ ~~~~~~~~~~~~~~~~~~~~~~~~~~ r p d y  , (58)

K~~v dxdy = $ [(
~ -q)B - P ~ ]d xd y +$  ~~~~ (59)

P
0 

~ y

~~~ ~~~~~ ~ dxdy = $ ( q_ P 0
+~~-g~c~c)~~cdy , (60)

K ~w dxdy = r [ a + (q-p ) ( ~~~~~ ) - p ( ~ - - ~ ,]dxdy , (61)
0

1 ’  2 2 2 2 ~
- ~-~~[~~(u ~ v +~~ ) + K

2w 
+ 2g ~C*]d.xdy.“ ,

= j C (p 0 - q ) [ B ~u~ -~~ ~~~~~~~~~~~~~~~~~~~~~ ~~ v - X + ( ~~-~~ )w ] )  dxdy
P y y

- J p ( u d y - v d x ) . (,l~i ’)

17.
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t’rli t cm ry ~‘:‘mv ~ s- on cm i ’ l , i ’ m - c , m _w i t h  I v i  li d.

‘ ‘ c m  ‘ 1 , 5 ’  - - 1  01 ’ k b ’ ’  ‘ l i - r n  is 1 c ’V’’ i  ‘ ccc l  I h~ t i c  1 1  1: ’ hc : i C c 4 a ’ i i ’ - O c J S  Wh I m  a

icr  t a m  v i i  - I ‘ r ~ , 1 1 in s  b - c - f l  1 own in 1’ } U - ‘. I . - ‘  m y  L’ rn -f ’ ‘‘ q ’ c c m t, i i r is ,

(s.c ) ( I c )  c c i  ( 55 )  ‘ u l m c c i t r  a ‘cclH it - ion in t h e  form f a :‘ s l  i Um c’y w c m v m ’’ . A si milar

c’ - I . 1 j ; - r ,  i s  p ’ s  s- I c ]  e I i  ‘ ‘ s - - u - V s  rn wh -n t he  U uid i s  - - r i c e s - m m  - “ - c ’ ’- m i s  w i  th 1h ’  - mass

‘ : c c r ’ y i r ~~ wit  ci  I u : ) c t h .  -~ c i l t L i c i ~ -1- ta il s . Icr a w ay ”  t I’s, ’ielilti t ,’ “ l u - t L ;~

elie x - e x i  s- w i L l  - c ’ peed c , the solitary wo’~ - h as t h e  fct ’m

- i r ,~(x-ct)
= l+~~

2sr~ch
2[H’ ‘~ 

— 
~~

‘
~

‘ 

h I , (63 )
U (l-~Duf

”K+14K
2 

c

w i re

~‘) ~~~~1
(c~ - c~~

)2

= c
° C

2 = gh(l-2w ) , c~~>c~ . ( 1 4 )

t Previous ly 15 ]  the notation X was employed for a quantity corresponding to ~
,lefined by (~ d Ic) i. In the present paper , the symbol X is ut ili zed for a
diff i—rent purpose in (35).

18.
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s . Hydraulic  Jun’p s.

in -cm 1 r , - v i u c c s  ‘c O n - r  [ m u , I ’ m ,’ . 0 1  w~ c h i c o  m s - m c i uc : , uu i r c c c m l  I c  j u m p s -  at a s t , m - r )  in

t i c -  - hor i zon t a l  I ’. - ci  u - f  ‘ m r tr - u’c s m .  1 1 c’ w’ - x I ’ - c  ‘I t ic ’ ’ dl m ’ u e m m ’ s- i on to riurcluomc~’~- c, , -r,-cs-

t I  ci bI s  in wh ich  the mass ui - t m ’  i~ I I,’ var I ‘s- wi t h - h e I s t  h , an d  at t , l i ’-  same tim e I c i cI  i c a

LIce r i - c i t m i r s ’  of an additic ,ric I , ‘ l a m ’m ; i f  fl uss - il ’is’ s m c i , i t i , ’ r u m - ’ which wnc c  not nu-t5d in VI.

- a s - S c u m ’5 ’ st -cu dy fi ‘w - -f I he fl il-i pc i r a1  1 (‘1 tc I ~~m ’  x—d irm ’m ’t, on in cc 51_ s- am

wb- se bottom is i ev~-i xc”pt for - u f i n i t e  j ump at the ori gin , a r1d thus we s-p ’, -c- ify

r by

~~0 f o r x - c z 0

~~ ( w -  j ” ”~ =
d forx>0

(65)
= - w)ø~ 

for x 0

where d is a constant . We neglect surface tension so that q=0 , for convenience

set the surface pressure p = O , and consider only steady motions on either side

of’ x = 0 with the possibility that the wave height 0 at x = 0 has a stationary

finite discontinuity. At x = 0 , we assume that ~ ,u,X,w ,p change from the values

to the values 02
,u
2 ,X,2 ,w2,p2. We may than utilize the one-

dimensional form of the equations (57), (58), (60), (61) and (62) with v = 0  in

a usual way to obtain the appropriate jump conditions . Thus~

u2Ø2 = UlOl = n , (66)

Kn (u
2
-u
1) = p1

-p
2
+X , ( 67)

1 = = (~~~~- W ) W
1 

= (~~- w ) w
2 , (68)

2 2  *

~- Kn(u
2
-u
1
)+ (~~-w)g nK(~2

-~1
)+ g nKd = p1

u
1
-p

2
u
2 

. (69)

tThe constant n in (66) to (69 ) corresponds to k in the correspondi ng jump
conditions given in [6, Sec . 8].

19.
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I n  [‘‘ , ~
‘ ‘‘o . 8] f t c ’ ’ i ies ’i i c ’ ;; i on was l imIL ’ ,ai Lu th u  m ’ p u ’ ’ i i i i_ eas e l u  w h i r h  X = 0 .

-
‘ ‘i,- ’ c c i ,  I t ,  ~~~‘ c u - r id , t i~’ u j u c c u c i t i t y  X s c e c i l c i  be n m - m i s - - r u , ;  i t .  a r t s - m m ;  from l b ~ - ic - to—

‘t” u t  -ci  vn l~ ’’ 
~ ~ ~~ (58) cc i ; ’ :  may  hue-come larg - at I i i” step , p U I n~ the

u ’ c-i, t O -  o f ’  i tci u - I ’ I b m . ’ s l x ” em m .  Tic’, ’ t erm X on the r i l ’tc t , — i u c m r c ’i s - i l ’ :  of

~ i ,  r ’ t ’c rm , u’ pm’ - s - c u t s -  Li, ’ i’ m s - m U t a n t  i ur c c ’  exert,’ d U1 I d i m - ’ s tep On t U e

~ Jd ccc ’ ‘ s - ,j’ - - i  ;c iu : ip  tb: P o si t i v e  x — d i i ’ e, ’ t i c ,’n~ A s - c c u m i n g  t h a t  Lbs f ’ I u i  I r - - s-s

i t  ‘ct wi~ t i  ‘ i ’ -  s- I  s’p throughout  tb :  motion , we impose the c’eru ’hiticn s

X~~~ 0 w h en d > 0

(70 )
X~~~ 0 wL u ’r i d < 0

In u-d r Lu 1 1  u s - I - s - f ”  the differences which arise when X ~ 0, we consider

now t m ,  s i r s - p i e s 4 pro lc’L”m u s-cussed in [6 , Sec . 8]. Thus, when the stream is

le ve l  c-ic oith’ - r s-ide  of the step , from (51+) we have

~ 2 n
= h , p1 = (~

- -w ) g  Kh , u~ =

(71)

= H , p
2 = (~, _ w )g*KH2 , u

2 
=

For conveni m ’nm ee , we introduce the notations

2H n
L = j ~ , ‘r= 

* 
(‘(2)

~ ( i — 2 , ~ )h

um ~ ,d then sc ibs-t i t u t e  (‘(1) into (67) and ( 6 9)  and also use ((e6 ) to obtain

d = 
(l- 2~~) (L- l)  

~~~ i(L+l) - L
2
]

(‘(3 )

2X 
- 

( 1-2~~) ( I - L )  
112 - L - L 2

- 

‘2  L
~T 1~ h

~ ‘im1i ~~r r ’ - c c cil ’,arut , forces occur in jump conditions utilized by Caulk [ii] in
his ‘- s -  - , t ,rc - i t  ,- f ‘ 1, ” probl~~ of fluid flow under a sluice- gate b a r c - d  on the -
two- l in ’- ”nriunal theory of directed fluid sheets [5,6].
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10 s- i_mp i i f , -,’ t i i ’ ’ I i ;  - ‘ ‘ i S H  ‘ m u  that  f ’ u , j  l o ws - , ‘ii ’’ set

2 .  ~,-= -r ( T  I - c ’ )  , 14’r~ = — 1’ (T cH ’r -

(714)

+ 2’r )~

- ‘ m . d  t- h i u ~ fl c , wc - it c 
~~~~~ ,2

= 
( i-2w) (L- t )  

(T
1

-L) ( L+T
2

)

- 

* 2  = J~ 
(l-2w)(-r

3
-L)(L+’r

3
+l)

Kg h

I L  we confine a t tent ion to values of -c ’> l , then ‘r1, > l  and 1’
3

> 1 for all  v u u ’ i ; i ’  cc

c f  ~~
• It s-c the rest of’ th is  discussion, we confine a t t en t ion  to hm cm og ’-r ,m - c u u cm ’  f ’, m c l Is-c

in which

= 0 , K = p , ¶
3~~~~2 = (~~+ 2 T)~ ( T>l , ¶

3
>1) ( ‘ (Lc d

L it ci para l lel discussion can be carried out for nonhomogeneous fluids with

~~~~~~~ The previous solution [6, Sec . 8] corresponds to the case for which

3•1,, (~‘ -1)
L = - r

3 
, X = 0  , 

~~~
= 

14 
. (77 )

cTi the other hand , if we take the value of d to be that specified by (77 ) ,~,

then in addition to we find a second possible solution for L, name iy

T +l I

L = -i—-- + [ (‘i— ) + (78)
3 3

which satisfies It can be verified from (75)~ t1 ,cct the s”conml value of

L given by (78 ) corresponds to

- X > 0 , d > 0  ( m c I

in comformity with (70).
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To ‘ent inue , we observe tha t  for values- of d/h s-p ci f’i,ed by

( -i)~
0 < ~~~< 

~~~~~ 

(80)

I i ’  re ‘ c r c ;  m’ , a ~, e nn ’r ai two- p u s c i t i v e  value s of L which satisfy h i t  only one

01’ t ic - -se is- compatible with ( ‘(9).  F’urther , if

(T -l)3 
d 

d

~4T
3 

h h  ‘ 
(~3~ )

wher e d 1 
is a maximum positive value of d for varying L in 

~~~~~ 
then there

ar’- two values of I u’ccrrs’s-pondi~~ to each value of d/h and both of these

sc e- ’ i s- f y ( ‘79).

A more general discussion of the other problems discussed in [6 , Sec . 8]

~“ n  be given in a similar manner , but we do not pursue the matter further.
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